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Abstract
We obtain, for quadratic and cyclotimic ﬁelds, asymptotic formulas for two arithmetic functions, which are similar to divisor
function.
© 2007 Elsevier B.V. All rights reserved.
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In Number Theory, there are many famous arithmetic functions which play important role in Arithmetics, Number
Theory, and Discrete Mathematics, in general. But, as the rule, the behavior of arithmetic functions is very irregular,
and the study of the asymptotic behavior of most arithmetic functions is difﬁcult.
Consider, for example, the divisor function
(n) =
∑
d|n
1 (d, n ∈ N),
which is the number of positive integer divisors of a positive integer number n. It is well-known arithmetic function,
which takes values from 2 for any prime number p ∈ P till n for some special positive integers. So, the behavior of
(n) is really irregular.
But we can obtain an useful information about asymptotic behavior of (n) “on the average”, i.e., by the study of
the function
D(x) =
∑
1nx
(n),
which is the mean value of the divisor function on the interval [1, x]. In fact, there exists an asymptotic formula for the
function D(x):
D(x) = x log x + (2− 1)x + (x),
where the error term (x) = O(x1/2), and  = 0.5772157 . . . = limN→+∞ (∑Nk=1 k−1 − logN) is the well-known
Euler’s constant.
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This classical result was obtained by Dirichlet in the middle of 19th century [1], and the problem to determine the
precise order of magnitude of the error term (x) as x → +∞ is known as Dirichlet divisor problem.
Note, that the mean value of (n) is the number of positive integer points under the hyperbola x1x2 = x:∑
nx
(n) =
∑
nx
∑
d|n
1 =
∑
nx
∑
x1x2=n
1 =
∑
x1x2x
1.
Therefore, the Dirichlet divisor problem is an example of the problem of calculating the number of integer points in
some region. Most famous example in this area is the Gauss circle problem of calculating the number of integer points
in a circle. The classical result of Gauss gives the asymptotic formula for the number of integer points in the circle of
radius
√
x:∑
x21+x22 x
1 = x + O(√x).
Consider an arithmetic function
k(n) =
∑
n1...nk=n
1 (n1, . . . , nk, n ∈ N),
which is the number of representations of positive integer number n as a product of k positive integer factors. As
2(n) = (n), the function k(n) is a generalization of the divisor function.
The function
Dk(x) =
∑
nx
k(n) =
∑
n1...nkx
1
is the mean value of k(n) on the interval [1, x]. It is the number of positive integer points under the hyperbolic surface
x1 . . . xk = x.
An extension of Dirichlet’s method allows us to obtain an asymptotic formula for the function Dk(x):
Dk(x) = xP k(log x) + k(x),
where Pk is a polynomial of degree k − 1, and k(x) = O(x1−1/k logk−2 x) is an error term.
The estimation of the error term is known also as Dirichlet divisor problem, or as multidimensional divisor problem.
Following a standard notation, let k denote the smallest positive real number, such that
k(x) = O(xk+)
for every positive . So, the Dirichlet divisor problem is the problem to obtain the best possible value of k .
The history of the estimates of k is thus:
• k1 − 1k , k2: Dirichlet [1];
• k1 − 2k+1 , k2;
• k1 − 3k+2 , k4;
• k1 − 3k , k8;
• k1 − 16528k , k120.
Note, that Voronoi was the ﬁrst to prove that 2 12 . On the other hand, Hardy and Landau proved, independently,
that 2 14 (k
1
2 − 12k ). The conjecture that 2 = 14 (k = 12 − 12k ) has not been proved or disproved.
All these results have the form
k1 − c0
k
, kk0, (1)
where c0 > 0 is an absolute constant.
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In some works we ﬁnd other estimates of k:
• k1 − log kk , kk0;• k1 − ck2/3 , kk0;• k1 − ck2/3 , k2: Karatsuba [2].
These estimates have the form
k1 − c
k2/3
, kk0, (2)
where c > 0 is an absolute constant.
Evidently, the estimates (2) are better than the estimates (1), but known values of constant c from (2) are small, and
(2) is better than (1) only for large k. So, Ivicˇ showed, that
k1 − 150k2/3 , k100.
It is better than his estimate
k1 − 16528k , k120,
only for k2, 6 × 107.
We obtained new asymptotic formula for multidimensional divisor problem [4]:
Dk(x) = xP k(log x) + x1−
1
13k2/3 (C log x)k ,
where Pk is a polynomial of degree k−1, 2k>log5/6 x,  is a complex number, ||1,C > 0—an absolute constant.
Our error term is regular on all k>log5/6 x, and the value of the constant c from the estimate (2) for k is c = 113 ,
that is better than (1) with c0 = 16528 already for k105.
The same method can be used to obtain new asymptotic formulas for two arithmetic functions, similar to k(n) [5]:
∑
nx
k1(n) · · · · · kl (n) = xPm(log x) + x1−
1
13m2/3 (C log x)m,
where l1, k1, . . . , kl2, m = k1 · · · · · kl , Pm is a polynomial of degree m − 1,  is a complex number, ||1,
m>log5/6x, C > 0—an absolute constant;
∑
nx
k(n
2) = xPm(log x) + x1−
1
13m2/3 (C log x)m,
where k2, m= k(k+1)2 , Pm is a polynomial of degree m− 1,  is a complex number, ||1, m>log5/6x, C > 0—an
absolute constant.
Consider now a generalization of k(n): the function
	k(n) =
∑
n1...nk=n
	1(n1) · · · 	k(nk),
where 	1, . . . , 	k are Dirichlet characters modm1, . . . , mk . For the mean value
Ck(x) =
∑
nx
	k(n) =
∑
n1·····nkx
	1(n1) · · · 	k(nk)
of this function one can obtain the asymptotic formula:
Ck(x) = xPm(log x) + k(x),
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where Pm is a polynomial of degree m − 1, m is the number of trivial characters from 	1, . . . , 	k (a character 	 = 	0
modulo m is called trivial, if it takes value 1 for all integers n, relatively prime with m, and value 0, otherwise), and
k(x) is an error term.
Deﬁne k as the smallest positive real number, for which
k(x) = O(xk+).
Classical result of Landau (1912) gives:
k1 − 2
k + 1 , k2.
Karatsuba [2] obtained for k the estimate:
k1 − c
k2/3
, k2.
We obtained for Ck(x) the asymptotic formula [4]:
Ck(x) = xPm(log x) + x1−
1
13k2/3 (C log x)k ,
where Pm is a polynomial of degree m, m is the number of trivial characters from 	1 modulo m1, . . . , 	k modulo mk ,
2k>log5/6 x, max(m1, . . . , mk)>log2 x,  is a complex number, ||< 1, C > 0—an absolute constant.
Note that here the estimation of error term is regular on k, and module of Dirichlet characters 	1, . . . , 	k can grow
as log2 x.
The investigation of Ck(x) allowed us to obtain new results for divisor problem in some number ﬁelds.
Let K be a number ﬁeld, U an integer divisor of K, and N(U) the absolute norm of U. The problem to obtain an
asymptotic formula for the mean value
∑
N(U1·····Uk)x 1 of the arithmetic function
Kk (n) =
∑
N(U1·····Uk)=n
1
is known as divisor problem in the ﬁeld K.
For the quadratic ﬁeld K = Q(√D) (D is a square-free number) we obtained [4] the asymptotic formula:
∑
N(U1·····Uk)x
1 = xP k(log x) + x1−
1
15k2/3 (C log x)2k ,
where Pk is a polynomial of degree k, 2k>log5/6 x, |D|>log2 x,  is a complex number, ||1,C > 0—an absolute
constant.
For the ﬁeld of tth roots of unity K = Q(
) (
m = 1) we obtained [4] similar asymptotic formula:
∑
N(U1·····Uk)x
1 = xP k(log x) + x
1− 1
13((t)k)2/3 (C log x)(t)k ,
where Pk is a polynomial of degree k, 2k>log5/6 x, t>log2 x,  is a complex number, ||1, (t) = |{x ∈
N: x t, (x, t) = 1}| is the Euler’s function, C > 0—an absolute constant.
Now we obtain new asymptotic formulas for two arithmetic functions, similar to Kk (n), in the quadratic ﬁeld
K = Q(√D) and in the ﬁeld of tth roots from the unity K = Q(
).
Theorem 1. For the quadratic ﬁeld K = Q(√D) (D is a square free number) one has:
∑
nx
Kk1(n) · · · · · Kkl (n) = xPm(log x) + x
1− 115m2/3 (C log x)2m,
where l1, k1, . . . , kl2, m = k1 · · · · · kl , Pm is a polynomial of degree m − 1,  is a complex number, ||1,
m>log5/6 x, |D|>log2 x, C > 0—an absolute constant.
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Theorem 2. For the quadratic ﬁeld K = Q(√D) (D is a square free number) one has:
∑
nx
Kk (n
2) = xPm(log x) + x1−
1
15m2/3 (C log x)2m,
where k2, m= k(k+1)2 , Pm is a polynomial of degree m−1,  is a complex number, ||1, m>log5/6 x, |D|>log2 x,
C > 0—an absolute constant.
Theorem 3. For the ﬁeld of tth roots from the unity K = Q(
) (
t = 1) one has:
∑
nx
Kk1(n) · · · · · Kkl (n) = xPm(log x) + x
1− 1
13((t)m)2/3 (C log x)(t)m,
where l1, k1, . . . , kl2, m = k1 · · · · · kl , Pm is a polynomial of degree m − 1,  is a complex number, ||1,
m>log5/6 x, t>log5/6 x, (t) = |{x ∈ N: x t, (x, t) = 1}| is the Euler’s function, C > 0—an absolute constant.
Theorem 4. For the ﬁeld of tth roots from the unity K = Q(
) (
t = 1) one has:
∑
nx
Kk (n
2) = xPm(log x) + x
1− 1
13((t)m)2/3 (C log x)(t)m,
where k2, m= k(k+1)2 , Pm is a polynomial of degree m−1,  is a complex number, ||1, m>log5/6 x, t>log5/6 x,
(t) = |{x ∈ N: x t, (x, t) = 1}| is the Euler’s function, C > 0—an absolute constant.
Proof of Theorems 1 and 2. The Dedekind zeta-function of the ﬁeld K = Q(√D) has the form

K = 
(s)L(s, 	),
where 
(s) is the Riemann zeta-function (
(s)=∑+∞n=1 1ns , Res> 1), andL(s, 	) is aDirichletL-functionwith non-trivial
character 	 modulo |D| (L(s, 	) =∑+∞n=1 	(n)ns , Res> 1).
As for Res> 1 one has [6]

kK(s) =
∞∑
n=1
1
ns
∑
N(U1·····Uk)=n
1 =
∞∑
n=1
Kk (n)
ns
,
we should research the behavior of adding functions DKk1...kl (y) =
∑
ny 
K
k1
(n) · · · Kkl (n) of the Dirichlet series

k1...kl (s)Lk1...kl (s, 	) and DKk,2(y) =
∑
ny 
K
k (n
2) of the Dirichlet series 
k(k+1)/2(s)Lk(k+1)/2(s, 	).
1. Let m = k1 . . . kl . Easy to see [3], that
|DKk1...kl (y)| =
∑
ny
2m(n)y
(log y + 2m − 1)2m−1
(2m − 1)! .
For Dirichlet series
f (s) =
+∞∑
n=1
ann
−s (Res> 1)
and its adding function
() =
∑
n
an
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there is [2] an integral formula
∫ x
1
() d= 1
2i
∫ b+iT
b−iT
f (s)xs+1
s(s + 1) ds + R(x). (3)
Let b= 1+ 1log x , T = x1−, = 1− (30m)−2/3. Then, for f (s)= 
k1...kl (s)Lk1...kl (s, 	) and (y)=DKk1...kl (y) [4]
R(x) = x1+(C log x)2m
and ∫ x
1
DKk1...kl (y) dy =
1
2i
∫ b+iT
b−iT

k1...kl (s)Lk1...kl (s, 	)xs+1
s(s + 1) ds + x
1+(C log x)2m.
Consider the contour  with vertices ± iT , b ± iT , and the integral
J = 1
2i
∫

f (s)xs+1
s(s + 1) ds
on the contour . By the residue theorem,
J = Ress=1 f (s)x
s+1
s(s + 1) = x
2Pm(log x).
Therefore,
1
2i
∫ b+iT
b−iT
f (s)xs+1
s(s + 1) ds = J − J1 − J2 − J3,
where J1, J2, and J3 are the integrals on upper, lower, and left sides of . By the estimate [4] of the Riemann
zeta-function in critical strip:

(+ it)>|t |15,25(1−)3/2 log2/3 |t |, |t |2, 121
and similar estimate [4] of a Dirichlet L-function with Dirichlet character modulo |D|:
L(+ it, 	)>|D|1−|t |15,25(1−)3/2 log2/3 |t |, |t |2, 121
we obtain, that max{|J1|, |J2|, |J3|} = x1+(C log x)2m, and∫ x
1
DKk1...kl (y) dy = xPm(log x) + x1+(C log x)2m,
where Pm is some polynomial of degree m − 1, ||1, C > 0—an absolute constant. By asymptotic derivation
[2], we obtain now
DKk1...kl (x) = xPm(log x) + x1−
1
15m
−2/3
(C log x)2m,
where Pm is a polynomial of degree m − 1,  is a complex number, ||1, C > 0—an absolute constant.
2. Let m = k(k+1)2 . Then
|DKk,2(y)|
∑
ny
2m(n)
(log y + 2m − 1)2m−1
(2m − 1)! .
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Choosing = 1 − (30m)−2/3, b = 1 − (log x)−1, T = x1−, we obtain by similar arguments, that∫ x
1
DKk,2(y) dy =
1
2i
∫ b+iT
b−iT

k(k+1)/2(s)Lk(k+1)/2(s, 	)xs+1
s(s + 1) ds + x
1+(C log x)2m,
∫ x
1
DKk,2(y) dy = P˜m(log x) + ˜x1+(C˜ log x)2m,
DKk,2(x) = xPm(log x) + x1−
1
15m
−2/3
(C log x)2m,
where Pm is a polynomial of degree m − 1,  is a complex number, ||1, C > 0—an absolute constant. 
Proof of Theorems 3 and 4. The Dedekind zeta-function of the ﬁeld of tth roots from the unity K = Q(
) (
t = 1)
has the form

K = 
(s)L2(s, 	2) · · · · · L(t)(s, 	(t)),
where 
(s) is the Riemann zeta-function and Li(s, 	) (i ∈ {2, . . . ,(t)}) is a Dirichlet L-function with non-trivial
character 	i modulo di |t .
Consider the adding functions DKk1...kl (y) =
∑
ny 
K
k1
(n) . . . Kkl (n) of the Dirichlet series 

k1...kl
K (s) and D
K
k,2(y) =∑
ny 
K
k (n
2) of the Dirichlet series 
k(k+1)/2K (s).
1. Let m = k1 . . . kl . Then [3]
|DKk1...kl (y)|
∑
ny
(t)m(n)y
(log y + (t)m − 1)(t)m−1
((t)m − 1)! .
Let b= 1+ 1log x , T = x1−, = 1− (15(t)m)−2/3. Then, for f (s)= 
k1...klK (s) and(y)=DKk1...kl (y), by integral
formula (3) we obtain [4]∫ x
1
DKk1...kl (y) dy =
1
2i
∫ b+iT
b−iT

k1...klK (s)x
s+1
s(s + 1) ds + x
1+(C log x)(t)m.
Consider the contour  with vertices ± iT , b ± iT and the integral
J = 1
2i
∫


k1...klK (s)x
s+1
s(s + 1) ds
on the contour . By the residue theorem, as all Dirichlet characters 	i for the L-functions L(s, 	i ) from the
representation of the Dedekind zeta-function 
K(s) are non-trivial,
J = Ress=1 

k1...kl
K (s)x
s+1
s(s + 1) = x
2Pm(log x).
Therefore,
1
2i
∫ b+iT
b−iT

k1...klK (s)x
s+1
s(s + 1) ds = J − J1 − J2 − J3,
where J1, J2, and J3 are the integrals on upper, lower, and left sides of . By the estimate of the Riemann
zeta-function

(+ it)>|t |15,25(1−)3/2 log2/3 |t |, |t |2, 121
and the estimate of a Dirichlet L-function with Dirichlet character modulo d, d|t , t>log5/6 x
L(+ it, 	)>d1−|t |15,25(1−)3/2 log2/3 |t |, |t |2, 121
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we obtain, that max{|J1|, |J2|, |J3|} = x1+(C log x)(t)m, and∫ x
1
DKk1...kl (y) dy = xPm(log x) + x1+(C log x)(t)m,
where Pm is some polynomial of degree m − 1,  is a complex number, ||1, C > 0—an absolute constant. By
asymptotic derivation,
DKk1...kl (x) = xPm(log x) + x1−
1
13 ((t)m)
−2/3
(C log x)(t)m,
where Pm is a polynomial of degree m − 1,  is a complex number, ||1, C > 0—an absolute constant.
2. Let m = k(k+1)2 . Then
|DKk,2(y)|
∑
ny
(t)m(n)
(log y + (t)m − 1)(t)m−1
((t)m − 1)! .
Choosing = 1 − (15(t)m)−2/3, b = 1 − (log x)−1, T = x1−, we obtain by similar arguments, that
∫ x
1
DKk,2(y) dy =
1
2i
∫ b+iT
b−iT

k(k+1)/2K (s)xs+1
s(s + 1) ds + x
1+(C log x)(t)m,∫ x
1
DKk,2(y) dy = P˜m(log x) + ˜x1+(C˜ log x)(t)m,
DKk,2(x) = xPm(log x) + x1−
1
13 ((t)m)
−2/3
(C log x)(t)m,
where Pm is a polynomial of degree m − 1,  is a complex number, ||1, C > 0—an absolute constant. 
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